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This paper concerns the fracture mechanics problem for elastic cracked materials 
under transient dynamic loading. The nonlinear contact problem for a linear crack 
under normal impact loading is solved by the boundary integral equations in the 
frequency domain and the components of the solution are presented by the Fourier 
exponential series. The algorithm convergence is proved and the solution is obtained 
for different friction coefficients. The dynamic stress intensity factors are computed for 
different stress pulses and compared with those obtained neglecting the crack closure 
and friction. 
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Crack-like defects in engineering materials being subjected to any type of 
loading could be the main reason of the structure collapse. When the material is 
subjected to the dynamic, particularly impact loading, the elastic waves are generated 
within the structure, and refraction and reflection of these waves cause the local 
stresses to increase above the static values, making the problem of high importance.  
To tackle the problem of normal impact loading of the faces of the crack Freund 
[1] proposed to use the fundamental solution for a plane strain problem of a half-plane 
crack situated in unbounded elastic solid, and focused on the distribution of the stress 
intensity factors in time. Ma and Hou [2, 3] extended the Freund methodology to study 
the transient effect on the dynamic in-plane and anti-plane crack problems presenting 
the time-dependent full-field solutions of stresses and stress intensity factors. The 
characteristic time was found, so the static solutions can be used as approximations 
to the associate dynamic problems. 
Collinear cracks in homogeneous linearly elastic material subjected to impact 
loading were considered in [4]. To solve the problem for equally spaced cracks the 
integral equations based on the dislocation fundamental solution were derived. The 
equations were solved in the Laplace transform domain using the Gauss integration 
quadrature and then inverted to calculate the stress intensity factors in the time 
domain. Multiple cracks in homogeneous linearly elastic plane under anti-plane 
dynamic loading solved in [5]. To calculate the dynamic stress intensity factors for 
each crack tip the inverse Laplace scheme was implemented. Numerical examples 
were given for several parallel cracks under normally incident of a shear stress wave. 
The problem for multiple curved cracks under anti-plane shear impact loading was 
studied in [6], where for an infinite isotropic plane weakened by multiple smooth cracks 
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the distributed dislocation method was used to construct singular integral equations. 
The dislocation density on the faces of the cracks could be numerically computed and 
then used to determine stress intensity factors. The investigation on the influence of 
such parameters as the time, crack pattern and crack length on the dynamic stress 
intensity factors was carried out. 
Crack/surface intersection problem for the impact loading was solved in [7] 
using time-domain boundary element method. Influence of free-surface on dynamic 
stress intensity factors for a central crack under the step loading was investigated. In 
the paper the critical intersection angle of the crack front with the free-surface was 
estimated.  
2-D transient dynamic crack problems for homogeneous and piezoelectric 
solids using boundary integral equation method were solved in [8, 9]. The dynamic 
stress intensity factors were calculated for the linear finite length crack in infinite body 
under impact loading, where regular integrals were calculated numerically and singular 
and hypersingular integrals were integrated analytically. Comparison of two 
hypersingular time domain boundary element methods was done in [10]. In the paper 
the problem of linear crack under transient load situated in two-dimensional, 
homogeneous, anisotropic and linear elastic solid was considered. The extensive 
numerical tests were carried out to compare the accuracy, efficiency and stability of 
the two different time domain boundary element methods. 
The comparison of time domain and frequency domain boundary element 
methods was carried out in [11]. Udzava’s type iterative algorithm and boundary 
element methods were used for two-dimensional contact problem solution in which the 
linear crack faces’ contact interaction is taken into account under the harmonic 
loading. In the paper the results for crack opening, contact forces and dynamic stress 
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intensity factors were obtained. It was also noted that the crack face contact interaction 
must be taken into account, as it changes the distribution of the stresses and the 
displacements not only quantitatively but also qualitatively [12]. The contact forces and 
the displacement discontinuity on the crack faces are studied in [13] for the harmonic 
loading of the penny shaped crack. Considering the oblique harmonic loading of the 
linear crack, the effect of the friction between the crack faces was extensively studied 
[14]. The analysis of the results obtained for different angles of wave incidence, the 
wave frequencies and friction coefficients was carried out.  
Contact problem for the interface linear crack was solved in [15] for normal 
tension-compression load. In the paper the multi-parametric iterative algorithm was 
presented and its convergence was investigated. Also, the system of boundary integral 
equations for displacements and tractions was derived and the effect of frequency on 
stress intensity factors for opening and transverse shear modes was considered. 
Interfacial penny-shaped crack under harmonic loading was considered in [16]. 
Furthermore, the boundary integral equation method in the frequency domain was 
used for the first time to solve of problem for a linear crack under transient load [17]. 
In the paper the dynamic stress intensity factors are computed for different stress 
pulses, including the Heaviside step loading. 
In the current study the approach presented in [17] is combined with the iterative 
algorithm [14] for the case of a linear crack under normal transient loading. The 
nonlinear effects of the crack closure and friction are analysed for the first time and 






2. Methodology  
Let us consider the linearly elastic cracked material under external loading. The 
behaviour of the body satisfies the equations of motion (the body forces are absent) 
[1, 18]: 
]0[),,(),( 2 ,TtV,tut itijj == xxx                                   (1) 
and the generalized Hooke’s law  
= tV,tCt klijklij xxx ),,(),(                                        (2) 
subject to some boundary conditions. In Eqs. (1) and (2) the components of the 
displacements and stresses are denoted as ),( tui x  and ),( tij x ,   is the mass 
density, ijklC  is the elasticity tensor and the components of the Cauchy strain tensor 
are given by 2)),(),((),( tutut kllkkl xxx += .  
For an isotropic material Eqs. (1) and (2) lead to the following linear Lamé 


























 , Vx , t ,       (6) 
here ij  is the Kronecker delta,   and   are the Lamé elastic constants.  
With the assumption of zero initial displacements of the points of the body, 
what means that the body is free of strain at the initial moment, the initial conditions 
are as follows:  
Vmm == xxuxu ,0)0,( grad)0,( )()( .                                  (3) 
The conditions of continuity for displacements and stresses are satisfied at 
bonding interfaces: 
,,),,(),(),,(),( int)()()()( == −+−+ ttttt xxσxσxuxu                    (4) 
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In the case of elastic solid occupying the whole space, the Sommerfeld 
radiation-type condition, which provides a finite elastic energy of an infinite body, is 
also imposed at infinity on the vector of displacements: 
,/),( rct xu                                                    (5) 
where c is a constant and →r  is the distance from the origin.    
The components of displacement field in terms of boundary displacements 
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yx ,         (8) 
 r  is the distance between the observation point and the load point, 
),,()(),,( )()(  −=− tUeCtW mkjljijkl
m
ij yxyyx  is the traction fundamental solution; 
)(m  is 
the subdomain boundary, which can conclude parts of the external boundary, bonding 
interfaces, int , and cracks’ surfaces, cr ; and functions )(m  and )(m  for the case 
considered will be defined later. 
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one can obtain from ),,(
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Then the integral representation of the components of the traction field can be also 


















−−−=             (11) 
2,1    ,    ,)( = jTtmx  
where integral kernels ),(
)( −tK mij yx,  and ),(
)( −tF mij yx,  can be obtained from kernels 
),()( −tU mij yx,  and ),(
)( −tW mij yx,  using the differential operator (9) with respect to x . 
We assume that that the distributions of boundary displacements and traction 
vectors are smooth enough. Then for the limiting case 
)(m→x  it is possible to deduce 
the boundary integral equations connecting the tractions and the displacements on the 
boundaries of all subdomains. Using the conditions of continuity for displacements and 
stresses at bonding interfaces the resulting system of boundary integral equations for 








































−−−=           (13) 
where .    ,)( Ttm x  
As it was shown in [17], if the transient loading and the normal and tangential 
components of the displacement discontinuity vector and the traction vector are 
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where x , Tkk  2 = , 2,1=j  and  
,)sin(),(
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xxxx            (17) 
+= ,,1,00 Nk , 
then the method and techniques developed in [11–18] may be used to solve the 
problem in the time domain.  
In the considered homogeneous case the system of boundary integral 
































                   (18) 
where i  is the imaginary unit; ),(
Re
kmj ,F yx  and ),(
Im
kmj ,F yx  are the real and the 
imaginary parts of the integral kernel ),( kmj ,F yx . For a linear crack we can write them 
down as: 









































































































































































































































          (21) 
where 
)1(
H  are the Hankel functions of first kind, 11 yxr −=  is the distance between 
the points x  and y , and =2c  is the velocity of the transverse wave in the 
material. The detailed expressions for the real and imaginary parts of integral kernels 
are given in [14]. 
 
3. Crack closure, friction and iterative algorithms  
To include the contact interaction of the opposite crack’s faces into account, the 
Signorini unilateral constraints must be imposed for the normal components of the 
contact force and the displacement vectors [18] 
];0[,,0),()],([,0),(,0)],([ Tttqtutqtu nnnn = xxxxx  
(22) 
where ),(),()],([ )2()1( ttt xuxuxu −=  is the displacement discontinuity vector; and 
),( txq  is the contact force that arises in the contact region, which is unknown 
beforehand, changes in time under deformation of the material and must be 
determined as a part of solution. The contact region also depends on the frequency, 
magnitude and direction of the external loading complicating the problem even more 
and making it highly non-linear.  
The contact constraints (22) ensure that there is no interpenetration of the 
opposite crack faces; the normal component of the contact force is unilateral and it is 
absent for any non-zero opening of the crack. Note that, due to the contact interaction 
the traction vector at the crack faces is the superposition of the initial traction caused 
by the incident load and the contact force. 
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Furthermore, in order to take the friction of the opposite crack faces into 
account, we assume that the tangential components of the displacement 
discontinuities vector and vector of contact forces satisfy the Coulomb friction law: 
,0
)],(u[






































Thus, the opposite crack faces remain immovable with respect to each other in 
tangential direction while they are held by the friction force. However, as soon as the 
magnitude of the tangential contact forces reaches a certain limit, depending on the 
crack friction coefficient and the normal contact forces, the crack faces begin to move 
and the slipping effect occurs.  
To solve the nonlinear contact problem for homogeneous isotropic cracked 
materials, four iterative algorithms were developed [18]. The comparative study of their 
convergence rates was carried out in [19].  
The most effective and reliable algorithm used in [13, 14], and then applied for 
the interface cracks in [15] consists of the following main parts. In the first part of the 
algorithm, the solution of the elastodynamic problem for the cracked material 
neglecting the effect of the crack closure is obtained. Then the correction of the 
solution is performed applying the unilateral constraints with friction of the crack faces. 
During the iterative process, the Fourier coefficients are changing till the distribution 
of the vectors of displacements and contact forces satisfying the constraints is found.  
In the current study the algorithm described above was successfully adapted 
for the considered case of transient loading and the convergence of the algorithm for 




4. Numerical studies, analysis of the results and conclusions 
As a model numerical example we considered an incident pulse of the unit 
amplitude propagating in the normal direction to the interface of the linear crack with 
the length of 2a. The properties of the material (steel) were taken as follows: the 
Young’s modulus 200 GPa, Poisson’s ratio 0.25, and the density 7800 kg/m3. 
As suggested in [17], the Heaviside impact pulse was approximated by the 
trapezoidal stress pulse   










































=tσ  ,                  (25) 
where c2t*=0.1 and c2td=12, and the latter one was approximated by the Fourier series 
for different numbers of the Fourier coefficients. 
The dynamic stress intensity factor (opening mode only, as the shear mode is 
absent for the normal Heaviside pulse loading in the homogeneous material) 
normalized by the corresponding static value (obtained for the static tension of the unit 
magnitude) is given in Figure 1, where the model numerical solution by Gross and 
Zhang [20] is also presented.  
As one can see the results are in a very good agreement. It shall be noted that 
the corrected solution is identical to the initial one as for the case of normal Heaviside 
tension pulse there is no contact interaction between the crack faces. The correction 
of the results for the case of normal cyclic loading was considered in details in our 
previous publications (e.g. [12–15]), thus in this study we will mainly focus on pure 





Figure 1. Stress intensity factor (normal opening mode) plotted against the 
normalized time, normal Heaviside pulse 
 
The shear loading distributions presented in Figure 2 were considered, and the 
normal component of the contact force at the crack surface (to be used in the Coulomb 
friction law to hold the crack faces together) was assumed to be constant of unit 
magnitude. 
 




The dynamic stress intensity factor (transverse shear mode) normalized by the 
corresponding static value (obtained for the static shear of the unit magnitude) are 
given in Figures 3–6, 9–14. The normalized distributions of the tangential components 
of the displacement jump and contact force on the crack surface for one of the pulses 
is given in Figures 7 and 8.  
Note that the results obtained for the harmonic loading (Figure 4) and the 
Heaviside shear pulse (Figure 14) are in a very good agreement with the model ones 
obtained accounting for the friction by the authors [14, 19], and by Sih, Embley and 
Ravera neglecting friction’s effects [21], correspondingly. 
Detailed analysis of the convergence rate of the iterative algorithm for different 
friction coefficients and different iterative coefficients Kτ is presented in Figures 3, 5, 
9–13 (please see papers [15, 19] for the full description of the algorithm and the 
appropriate parameters introduced). One can clearly see the convergence of the 
iterative algorithm within the correction process with the convergence rate significantly 
decreasing with the rise of the friction coefficient (as expected, because more 
correction steps are needed). At the same time, it is possible to significantly increase 
the convergence rate using higher values of the iterative coefficient Kτ (see Figures 9–
11 with 0.1< Kτ <2.0), but when the iterative coefficient exceeds a certain value, the 
process does not converge at all (Figure 12, results obtained for Kτ=20 and Kτ=50). 
Thus the results presented in the paper (Figures 3–8, 13, 14) were obtained for the 
relatively low iterative coefficient Kτ=1 with the proved convergence of the iterative 
algorithm.  
It may be added that the detailed investigation of the solution’s convergence 
with respect to the number of the boundary elements (and size of the elements in the 
vicinity of the crack’s tips) and the number of time intervals has been presented in [14] 
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and [15] for linear cracks in homogeneous and layered materials, thus in this paper 
we followed the recommendations suggested in [14]. Furthermore, a special attention 
must be paid to the number of Fourier coefficients used to approximate the harmonic 
solution (at least 10 coefficients are needed according to [15]), but on the other side, 
according to [17] for the impact (or sharp pulse) loading the number of Fourier 
coefficients shall be significantly higher (at least 30 coefficients to adequately 
approximate the Heaviside pulse). Thus, for the consistency in this paper we used 50 
Fourier coefficients for all types of the loading. 
It shall be also noted that the response time and the magnitude of the stress 
intensity factors clearly depend on the friction coefficient (Figure 14). As expected, the 
friction considerably decreases the maximal values of the corresponding dynamic 
stress intensity factors, and for the Heaviside shear pulse after the critical value of the 
friction coefficient (about 0.3 in the considered case) the maximum dynamic stress 
intensity factor coincides with the static stress intensity factor, which seems to be quite 
important from the practical point of view.  
At the same time, the distribution of the normal contact forces (which was 
assumed here being constant to test the iterative algorithm) for any type of the loading 
different from the normal one would be quite complex [13, 14, 20, 22], causing the 
corresponding distribution of the tangential forces and displacements (very different 
from the ones presented in Figures 7 and 8), so the problem for oblique loading must 
be solved which seems to be the natural next stage of the research. Thus, the range 
of stress intensity factors (from “no friction” to “no sliding” scenarios) could be obtained 





Figure 3. Stress intensity factor (shear mode) plotted against the normalized time for 
different numbers of iterations, harmonic shear, friction coefficient 0.2. 
 
 
Figure 4. Stress intensity factor (shear mode) plotted against the normalized time for 





Figure 5. Stress intensity factor (shear mode) plotted against the normalized time for 
different numbers of iterations, “saw” shear pulse, friction coefficient 0.2. 
 
 
Figure 6. Stress intensity factor (shear mode) plotted against the normalized time for 
















Figure 9. Stress intensity factor (shear mode) plotted against the number of 
iterations, Heaviside shear pulse, friction coefficient = 0.1. 
 
 
Figure 10. Stress intensity factor (shear mode) plotted against the number of 




Figure 11. Stress intensity factor (shear mode) plotted against the number of 
iterations, Heaviside shear pulse, friction coefficient = 0.3. 
 
 
Figure 12. Stress intensity factor (shear mode) plotted against the number of 




Figure 13. Stress intensity factor (shear mode) plotted against the normalized time, 
Heaviside shear pulse, friction coefficient 0.2. 
 
 
Figure 14. Stress intensity factor (shear mode) plotted against the normalized time 





Thus, the method developed and presented in the current paper may be 
combined with the boundary integrals presented in [15, 20, 23–25] for interface cracks 
under different types of the loading. Furthermore, the approach can be extended to 
three-dimensional fracture mechanics problems similar to the ones considered in [26–
28] for homogeneous and layered cracked materials, with different approximation 
methods (for example, Galerkin methods used in [29]). In the future the method may 
be hopefully adapted to solve the problems in for the layered composites with cracked 
interlayers [30] and interface delaminations [31]. In all mentioned cases the iterative 
correction of the displacements and stresses to take the cracks closure and friction 
into account shall be an integral part of the solution procedure significantly improving 
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